OPTIMAL CONDITIONS FOR L 2 BOUNDEDNESS OF STRONGLY 
SINGULAR CONVOLUTION OPERATORS ON THE HEISENBERG GROUP 
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Abstract. Strongly singular convolution operators Tfc a „ with the kernel K a g on the Heisen- 
berg group H™ were introduced in | 10| . For case a? < Cg, Laghi and Lyall [8] obtained the sharp 
range for a, /3 for which the operator Tk u p are bounded on L 2 (H"). They used the classical 
L 2 — L 2 boundedness theorem for oscillatory integral operators with non-degenerate phases. But, 
if a 2 > Cg, the phase function related with the operators are no more non-degenerate. However, 
in this paper, we obtain the sharp range for a, f} for the case a 2 > Cg. To carry out this case, we 
show that the canonical graph related with the phases satisfy folding type conditions and utilize 
the recent developed theory for degenerate oscillatory integral operators (see [5], 1111 ). 

1. Introduction 

Our setting is on the Heisenberg group H™ (a £ R*) which have base manifold R 2n+1 with the 
group law 

(x, t)-(y,s) = (x + y,s + t- 2ax t Jy) 
where J is the In x In matrix 




(I n is the n x n identity matrix). This group has the following dilation law 

A - (a;,*) = (Ax, \ 2 t). 
For each kernel K, associated convolution operators arc defined by 

T K f(x, t):=K* f(x, t)= [ K ((X, t) ■ (y, s)" 1 ) f{y, s)dydx. 

We say that the operator Tk is bounded on L p (M n ) if there exist a C > such that 

\\T K f\\ P <C\\f\\ p , for all /CC7 °°(H") 

And a natural quasi-norm on the Heisenberg group is defined by p(x,t) = (\x\ 4 + t 2 ) 1 / 4 . This 
quasi-norm satisfies p{\ ■ (x,t)) — \p{x,t). For this quasi-norm, we define the strongly singular 
kernels for each a > 

• K a>p {x, t) = p(x, t)-( 2n+2+Q )e I ^ a: ' t ) _ ' 3 x(p(x, t)), P > 0, 

where x is a smootho bump function in a small neighborhood of the origin. We let the operator 
Tjc a . be the convolution operators on the Heisenberg group H" with the kernel K a ^. This operator 
was firstly introduced in |10| and there, the necessary condition is referred as a < (n + \)P and 
it was shown that Tx a „ is bounded if a < n/3. To show this, the group fourier transform was 
utilized and a lengthy calculation for estimating some oscillatory integrals was needed to obtain the 
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results. But, Laghi and Lyall [8] showed that we can get sharp results in the restricted case a 2 < Cp 
for some Cp > only using the Hormander's I? — L 2 boundedness theorems for non-degenerate 
oscillatory integral operators pQ. In this paper, we consider the cases a 2 > Cp and obtain sharp 
conditions using the recent theory for oscillatory integral operators with degenerate phases (See 
section 2 for the details). The theory for the degenerate oscillatory integral operators have been 
developed deeply, but the use of the theorem has been restricted to the X-ray transform. 

Strongly singular convolution operators were studied originally in R™. Such operators represent 
some oscillating multipliers and operators of this type were first studied, using Fourier transform 
techniques, in the Euclidean with p(x) = \x\ by Hirschman |7j in the case d = 1 and then in higher 
dimensions by Wainger [15] . Fefferman [3], and Fefferman and Stein [4]. 

On the other hand, a similar kind of convolution operators with the kernel ^ *_o e l \ x ^ with 
a, (3 > also have been studied in [12], [US- This kernel has no sinularity near the zero, but it has 
relatively small decaying property at infinity. Note that the case /3 = 1 corresponds to the kernel 
of Bochner-Ricsz means. For (3 ^ 1, the L p — L q estimates including the hardy space estimates 
were well understood. The difference between two cases comes from the fact that the phase kernel 
\x — y\" is degenerate only if (3 = 1. We now consider an analogue problem on the Heisenberg 
groups with the following kernels 

• L a .p(x, t) = p(x, i)-( 2 " +2 - Q )e v ^'*^x(p(>, t)- 1 ), (3 > 0. 
We denote the gruop convolution operators Tj, a g with the kernel L a< p. In literatures, operators 
like Tx a p are called as strongly singular operators and 7l q as oscillating convolution operators. 

In this paper, we shall find the optimal ranges of a and f3 where the convolution operators 
associated with K ay p ,L a ^p are bounded on L 2 (H"). 

2 

For > Cp, the phases are no more non-degenerate. So, we need to deal with oscillatory inte- 
gral operators with degenerate phases. Theory for this kind of operators have been studied largely 
with considering various conditions on phase functions to give a different decaying properties, See 
[6]. We will use results in [5], [11]. To utilize such theory, we should carefully investigate the folding 
type for our phases. Interestingly, we have different folding types according to the values a, b and 
f3. Before stating our results, we recall the former results in [5], |10) . 

Theorems [5] , [TO] - 

(1) T Ka p is bounded on L 2 (HP) if a < n(3. 

(2) If < a 2 < Cp, then T Ka f3 is bounded on L 2 (HP) if and only if a < (n + l/2)/3. (Cp = 
f (2^ + 5+VW+5M)) 

We obtain sharp results on the L 2 — > L 2 boundedness of Tx a „ for the cases a 2 > Cp. Namely, 
we obtain the following results: 

Theorem 1.1. If a 2 > Cp, then TK afs is bounded on L 2 (H") if and only if a < (n + \)f3. If 
a 2 = Cp, then Tpc a ^ is bounded on L 2 (H") if and only if a < (n + j)f3. 

For the operators „ , we also have the sharp ranges for the L 2 — > L 2 boundedness except the 
cases (3 = — 1 or —2. 

Theorem 1.2. Tl q = is bounded on L 2 if and only if 

(i) < < 1 : For a 2 < Cp, a < (n + \)@, for a 2 = Cp, a < (n + and for a 2 > Cp, 
a<(n + 
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(ii) 1< (3 < 2 : a < (n + |)j8. 

(iii) 2 < : a < (n+§)0. 

Remark 1.3. For the cases /3 = — 1 or /? = — 2, we can also obtain the sharp results for some values 
a, b where the phase becomes non-degenerate or of folding type 2. But, in these cases, higher order 
folding type conditions than 3 appear for some a, b and the present theory for degenerate oscillatory 
integral estimates does not cover these cases. The theory have been established optimally only for 
the one or two folding cases ([5], [TT]). 

Remark 1.4. In R", the oscillating kernel is of the form |x| _7 e 4 ' :E '' 3 with (3^0. In this case, 
the different behavior for the phases \x\@ according to the value a is characterized only by the 
two cases where /3 ^ 1 or /3 = 1. Precisely, we have det ( g ® dy \% — Uv \ ^ for x ^ y, but 

det( 

dxdy\ x y\) — f° r ever y x V an d this is the hardest case, which is correspond to the 
Bochner-Riesz means operators. We see that for our cases, (3 = 1 and (3 = 2 present the lowest 
degeneracy oscillatory operators (see 14. 1| and it also hard to establish from the lack of the theory 
of oscillatory integral estimates for lower folding type cases. 

This paper is organized as follows. In section 2, we proceed an usual process to decompose the 
kernel dyadically and reduce our problem to a local oscillatory integral estimates. In section 3, we 
recall some essential things for our oscillatory integral operators with degenerate phase functions. 
Finally, in section 4, we study some geometry of the canonical relation and projection maps related 
with the phase functions. Then, we conclude the proof of the main theorems. 



2. Dyadic decompostion and Localization 

We use a standard argument to reduce our problems to some oscillatory integral estimates on 
R 2n+1 . For euclidean space, the argument is well explained in [14] . Though the same mechanism 
is easily adapted, we shall prove it because our setting is on a group. 

We split the kernel K a> p and L aj p as 

oo 

K a ,p(x, t)=J2 r){2 j p{x, t))K a ,p(x, t) (2.1) 

OO 

L a ,p(x,t) = r](2~ 3 p{x, t))Lg t p(x, t) 

where r] £ C^°(R) is a bump function supported in [1/2, 2]. and satisfies 7 ?(2 J V) = 1 for all < 

r < 1. We let = r,(V (p(x,t)))K a ,p(x,t) and Tjf = K s *f and V aJi - V (2^p(x,t))L a ^(x,t). 
For notational convenience, we omit the index a and f3 from now. 
We let Tjf = K J Q /3 * f and Srf - L? aJi * f. Then, 

Lemma 2.1. For each N G N, there exists a constant Cjy such that 

\\T*T r \\ L ^ L , + \\TjTp || L ^ i2 < C N 2- ma ^<^ N (2.2) 

\\S*S f \\ L 2^ L2 + WSjSpU^ < c N 2- max ^<^ N 

holds when \j — j'\ > cp for some sufficiently large constant cp > 0. 

Proof. The proof follows using the integration parts technique in usual ways. See [10] where the 
proof for Tj is given. □ 
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By the Cotlar-Stein Lemma, we only need to show that 

\\Tj\\L 2 ^L 2 + \\S 3 \\l 2 ^l 2 < C 
holds uniformly for j G N with some constant C > 0. 

Let 

KA x ^ = K iA 2 ~ j ■ (*>*)) = v{p{xm m+a) p^tr Q - a ^ 3rip ^ tr \ (2.3) 

L^fot) = L{ tfl (2-t ■ (x,t)) = r ? (^,t))2--'"^- Q V^,0" Q+Q e 423 ^ ( ^ t) ". 
Let /,(x,t) = /(2* ■ (x,t)). Then ^ * /(2"' • (x,t)) = 2"'«(# * /^(s.t). 

* /0M)IU* = 2- jQ/2 \\K ai p * /(2~' • (x,i))|| £2 (2-4) 

< 2 -iO/a. 2-^||^ (2-5) 

< 2 -iQ/2. 2-^11^11^,11/(2-^)11^ (2-6) 
= 2-^||^|| La _ £a ||/|| £a . 
Similarly, we also have * /|| £ 2 < 2 J<3 ||Z^ (3 |[ i 2^ i 2 ||/|| L 2. 

So, it suffice to prove suitable boundedness for Tj and Sj. Now, we further modify our operator 
locally using the fact that the kernels of Tj and Sj are supported in {(x,t) : p(x,t) < 2}. To do 
this, we find a set of point G = {g k ■ k G N} such that lJ fcgN B{g k , 2) = H™ and each B{g^,A) 
contains only d„'s other g\ members in G. 

We can split / = Y^k=i fk with each /& supported in 2). And we let 

Tj'V^, *) = J K,fi ((*, *) ' (», s)- 1 ) • tj (p ((x, i) • fffc 1 )) tj (p ((x, t) ■ gi 1 )) f(y, s)dyds 
Then, 

\\Tj * fWUwn) < E 11^ * fWUB( 9k ,2)) ( 2 - 7 ) 

fe=l 

OO OO 

<Ell^*E/<lli 2 (B( 3t ,2)) (2-8) 
fe=l 1=1 

OO 

= El^* E /'lli 2 ((B( 9fc ,2))) (2-9) 

OO 

^E E \\T l j' k \\L^L4Mh (2-10) 
fc=1 I:p(ffrSfc 1 )<2 

< sup nff lu^il/lll- 

Because det (D x , t ((x, t) ■ g)) = 1 for all g G H™, 

Tj k f({x,t) -9k)= J K J ((x,t) ■ (2/,s) _1 ) r)(p(x,t))r)(p(y,s) ■ (g k ■ ^ 1 ))/((y, s) ■ g k )dyds. 

Notice that pigk-g^ 1 ) % 1. If we let i/> ((x, i), (y, s)) = T)(p(x, t))r](p((y, s)-(gk -S; -1 ))) and substitute 
/ as /(x) := f(x-g k ). 
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Si,fc, (3 ( ff( - 5 - 1 )<2 II^V II wil1 be obtained if we prove \\Aj\\ L 2^ L 2 < 1 for 

Ajf(x, t) = j Ki p ((x, t) ■ (y, s)- 1 ) V ((*, t), (y, a)) f(y, s)dyds 
with a compactly supported smooth function ip. Since 

K P (x, t) = r,(p(x, m^+^pix, tyQ-^Pi^r" ( 2.ii) 
L j a ^(x,t) = r)(j>(x,t))2-XWp(x,t)- Q+a e& fi «*> t '>'' 
The matters arc reduced to show that \\T Aj \\ L 2^ L 2 < 2 jQ and \\T B . \\ L 2^ L 2 < 2^' Q Let 

Ai{x,t) = 2 ia p{x,ty 23ep{x ^~ P (2.12) 
Bj(x,t) = 2~ ja fi(x, t)e aif> 
where with p is a smooth funtion supported on p(x,t) ~ 1. We define the operators L Aj , L Bj by 

L Aj f(x,t)= J A 1 ((x,t)-(y, S )- 1 )^((x,t) 1 (y, S ))f(y, S )dyd S (2.13) 

L Bj f(x,t) = J B J ((x 7 t)-{y 7 s)- 1 )ij{(x,t),{y 7S ))f(y :S )dyd S . 
To prove Thcorcm ll.il and Theorem II .21 it suffices to establish the following two theorems. 



Theorem 2.2. The following inequalities hold uniformly forj. 
If a 2 > Cp, \\L A] \\ L 2^ L 2 < 
If a 2 = C P , \\L A] \\ L 2^ L 2 < 2 i(«-(»+i)«. 

Theorem 2.3. The following inequalities hold uniformly for j . 

(») - 1< p < o, 

Ifa 2 <Cp, \\L B] \\ L 2^ L 2<2^-^+m, 

If a 2 = Gp, \\L B] \\ L 2^ L 2 < 2 i(«-(»+i)«. 
(it) -2 <0 < -1, Hi^lU^ < 2 ^-(™+D«. 
(Hi) p < -2, |[Z fl J L »_> £a < 2 ^-(™+i)« 

In the next section, we shall breifly review on the theory related to the operators L Aj and L Bj . 
And in section 4, we will expoit some required geometry related with the phase function p(x, t)" 
to conclude the proof of Theorem 12.21 and Theorem 12. 31 



3. L 2 THEORY FOR OSCILLATORY INTEGRAL OPERATORS 

In this section, we review on some I? — > L 2 theory for oscillatory integral operators. The form 
of operators we are concern is given as 

Ttf(x)= f e tX ^a(x,y)f(y)dy 



where </>, a £ C°°(IR n x K") and a has a compact support. We firstly state the fundamental theorem 
of Hormandcr [T] . 

Theorem 3.1. Suppose that the phase function <f> satisfies det ^ on the support of a. 

Then we have the following inequality 

\\T+\\ L ,^ La < \S , A>1 

where the implicit constant is independent of X. 
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We say that cj) is non-degenerate if it satisfies the assumption of the above theorem. And we 
say 4> is degenerate if there is some point (xo,yo) where det ( aSg v ) equals to zero. This 

V * Vi / (x ,y ) 

theorem gives the sharp decaying of \\T% \\l 2 ^>l 2 m terms of A. But, the phase functions of our 
operators (see ) can become degenerate according to the values of a and (3. For a degenerate cj), 
the optimal number for which the inequality ||7\||z, 2 -».l 2 < A~ K * holds would be less than 
The number k^'s are related to the folding type conditions of the phase cj> (See below). For phases 
whose folding degrees are < 3, the sharp numbers were obtained in [5], [TT]. We shall use the 
results. In fact, the results for folding types < 3 in [5] is the best known results and there are 
no results for folding types > 3 except the very restricted result in [2]. Finding completely the 
numbers corresponding to all degenerate phases cj> seems a widely open problem. 

It is well-known that the decaying property is strongly related th the geometry of the canonical 
relation 

Q, = {{x,cj> x {x,y),y,-4> y {x,y)) C T* (M") x T*(R n y ) (3.1) 
To describe the geometry of 0$, we need the following definition 

Definition 3.2. Let M\,M2 be smooth manifolds of dimension n, and / : Mi — > M% is a smooth 
map of corank < 1. We let the singular set S = {P G M\ : rank(Z?/) < n at P}. Then we say that 
/ has a k— type fold at Pq for Pq € S if 

(1) rank(Z>/)| Po =n-l, 

(2) det(D/) vanishes of k order in the null direction at Pq- 

Here, the null direction means the unique direction vector v such that (D v f)\p = 0. 

Now we consider the two projection maps 

ttl : Cj. — > T*(R") and ir R : C$ -> T*(R"). (3.2) 
Then the following theorem is proved in [TT] for one folds cases and in [S] for two folds cases. 
Theorem 3.3. Suppose that the projection maps ttl and ttr have one fold singularities, then 

||7a/||l>(R") < CA-^-sll/H^R,.). 
If the projection maps <f>L and itr have two hold singularities, 

I|7a/|U> ( r«) < CA-^-^ll/H^^). 



4. Geometry of the Canonical relation maps 



In this section, we study the projection maps (|3.2[) associated with the phase function of our 
operators in Theorem 12.21 and Theorem [23] to use Theorem l3.3l Recall that p(x,t) = (\x\ 4 +t 2 ) 1 / 4 
and the phase function 4> of the integral operators La 6 and Lb s is 

(j)(x, t, y, s) = (fx, t) ■ (y, sy 1 ) . 

To write the group law explicitly, we write x = (a; 1 , a; 2 ) and y = (j/ 1 ,?/ 2 ) with x ,x ,y \y G R". 
Let ^(a;,^) = p(x,t)~" for simplicity, then we have 

4>(x, t, y,s) = <f> (x 1 -y\x 2 - y 2 ,t - s - 2a{x 1 y 2 - x 2 y 1 )) (4.1) 
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Let us use the derivatives d x ,dt to denote the position derivatives of $ (i,e. d x & = & x ,,dt$> = 
$t and d Xj (xj®) = Xj$ X} ). 

Firstly, to determine the phase function <3? is non-degenerate or not, wc should calculate the 
determinant of the matrix 



H = 



d 2 (j)(x,t,y,s) 
d (y,s)d(x,t) 

So, we now compute the matrix H. In (|4.ip . by the chain-rule, we have 

d 

—cj>(x,t,y,s) = (d Xj + 2ay n+j dt)$\(( x j).( y , s )-i) 



dx 
8 



&%j-\-n 



(x,t,y,s) = (d X]+n - 2ay j d t )$\(( Xt t).(y, s )-i) 



Let 



My) 



( 1 2aJy\ 

v° 1 J 



Using a similar calculation, we see that 



H{x, t, y, s) = A(x) (did,®) A(y) t + 2ad t <S> 



J 0' 

.0 0, 



A(x) 



(3idj§) + 2ad t <5> 



J 0' 
0, 



((x,i)-(i/, a )-i) 

A{yY 



where the second equality holds because A(x) [" ^ 1 A(y) 1 



J 



(0,t).(j,, s )-i) 
J s 



o o 



Wc let 



(4.2) 



(4.3) 
(4.4) 



L(x,t,y,s) 



J 0' 
0, 



((x.tHj/.s)- 1 ) 



(4.5) 



Thus, to study the matrix H, it is enough to analyze the matrix L. Morerover, we have det(A(x)) = 
det(A(y)) = 1, which implies det(H(x, t, y, s)) = det(L(x, t, y, s)). In [8], the determinant of the 
matrix H was calculated directly without using this observation. Here we calculate it by obtaining 
the determinant of L. 

We now calculate the hessian matrix of $. For 1 < i, j < 2n, 



9 J $(x,t)^-^(|x| 4 + t 2 )^- 1 (4x J |x| 2 ) 
a t $(x,t) = -^(|x| 4 + t 2 )-T- 1 (2t) 



(4.6) 



and 



didj$(x, t) = /3(|x| 4 + t 2 )-^ 2 [08 + 4)|x| 4 - 2(|x| 4 + t 2 )] XiXj - /3(|x| 4 + t 2 )"*" 1 ^- |x| 2 (4.7) 

(4.8) 



dtOMx, t) = (3(/3 + 4)(|x| 4 + t 2 )-T-2| x |2 Xj . t 



9 2 $(x,t) = /3(/3 + 4)(|x| 4 + t 2 )---^4 



^ (W 4 + ta) -4-ii 
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Let D = (|x| 2 x, |)*, then the above computations show that 



J 1 
0, 



(x,t) 



0{fi + 4)(|x| 4 + t 2 )~%~ 2 D ■ D l - /3(|x| 4 + t 2 ) 



/ |x| 2 / + at J + 2x • x* 
i 



= -/3(|x| 4 +t 2 )-^- 1 ( J B + i?) 
To write the matrices simply, we let B = |x| 2 / + at J, K = x • x* and 



(4.9) 

(4.10) 
(4.11) 



e=[ b+2K ; p=-^±V^ 

l §J |x|4 + t 2 



(4.12) 



Then, in (|4.5|) and (|4.9|) . we have 

L(x,t,y,s) = [-/3(|x| 4 + t 2 )-T-i( S + i ? )] (xt)=(:Cit) . ( ^ s) _ 1 
Now we are ready to obtain the following Lemma 
Lemma 4.1. We have 

dct H(x,t,y, s) = F((x,t) • (y,*)- 1 ) 

waere F(M) = c a ^(|x| 4 + a 2 i 2 ) mi (|cc| 4 + t 2 ) m2 f(x,t) for some m x ,m 2 ,c a ^ £ K and f{x,t) = 
208 + l)|x| 8 + (308 + 2) - 2a 2 )|.T| 4 t 2 + (/3 + 2)a 2 i 4 . 

Proof. From ()4.3j) and (|4.12j) . it is enought to show that 

det[-/3(|x| 4 + t 2 )-T-i(£; + R)] = F(x, t). 

Moreover, from the form of given F in the theorem, we only need to compute det(P + R). We 
recall the form 

e + r=( b + 2K °\-V±V D . D : 
\ o \j ki 4 + t a 

For notational convenience, we always use case-letter /, to denote the i'th row of matrix capital 
F. Notice that D ■ D l is of rank 1 and will exploit the following convention 

( VI \ 



det(P + Q)= det(P) + ^ dct 



0j (4.13) 

\ Pm / 

for any m x in matrix P and Q with rank Q = 1. Recall P = |.t| 2 + at J and if = x ■ x l , then 
direct calculations show that 



det(P) = (|z| 4 + a 2 i 2 ) 



(4.14) 
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and 



( h \ 



Xj det 



3=1 



b j+ i 



^ Xj+„ det 



3=1 



(4.15) 



V b 2n J 



y^Xj(|x| 2 Xj + x„ +:) at)(|x| 4 + a 2 i 2 )" 1 + V] x i+ „ (|x| 2 Xj + „ - Xjat)(|x| 4 + a 2 i 2 ) n_1 (4.16) 

3=1 3=1 

= (|x| 4 + a 2 * 2 )"" 1 ^! 4 (4.17) 



Thus, from (|4~4l) , (|4~14)) and (f4TT5|) . we have 

dct(B + 2K) = (\x\ 4 + a 2 t 2 ) n + 2|x| 4 (|x| 4 + a 2 * 2 )"" 1 
= (|:r| 4 + a 2 t 2 r- 1 (3|x| 4 + a 2 t 2 ) 

Using (|4.4[) again, we have 

/ * \ 

( ei \ 



det(£ + i?) = det(E) + - ^ det 



3=1 



ej-i 
e j+ i 

V e 2n J 



+ det 



e2n 

\r 2n +ij 



Si + S2 + 5*3 



From (|4~T8| 



5i =det l B+ 2K Jj = ^det(B + 2tf) = i(|x| 4 + a 2 ; 2 )"- 1 ^! 4 + a 2 * 2 ) 



Since rank _ftT = 1, we see that 



det 



e 3-i 

r 3 
e 3+i 



\ e 2 „ / 



= det 



bj-i + 2kj-i 

-(/3+4)|x| 4 , 



+ 2k j+1 



\ b 2n + 2fc 2 „ / 



(^ + 4)|4 
\x\ 4 +t 2 



det 



/ 61 \ 



y 3"l 



5 3 + l 



\b 2n ) 



So, 



52 = ^2 {^f} 



(4.18) 
(4.19) 



(4.20) 
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Finally, 



S 3 = det(^ 2 * _ ° )=-^£det(fl + 2ff) (4.21) 



^ + 4 t2 -{\x\* + a 2 t 2 T- 1 (Z\x\ i + a 2 t 2 ) 



Adding all these terms, we have 

dct ((d i d j $>){x,t) + 2ad t $>{x,t) ^ °U =p(| a; | 4 + a 2 t 2 )g(|x| 4 +t 2 )/( a; ,t) 

where p(r) = c p r mi , q(r) = r™ 2 for some mi, TO2, c p £ R and 

f(x,t) = 2(J3 + 1)M 8 + (309 + 2) - 2a 2 )\x\H 2 + {(3 + 2)a 2 t\ 



□ 



Now, we should determine when the determinant of H(x,t,y, s) can be zero for some values 
(x, t, y, s) with p ((x, t) ■ (y, s) _1 ) ~ 1. Furthermore, to determin the folding type in the degenerate 
case, it will be decisive to know the shape of factorization. We take it in the following theorem 

Lemma 4.2. For some nonzero constants 7, c, ci, 02,03 with c\ 7^ ci and C3 > which are deter- 
mined by (3 and a, 

• case 1 : {) € (-1,0) U (0, 00) 

• For£<Cf,, f(x,t) > 0. 

■ For£=Cf,, f(x,t) = 1 (\x\ 2 -ct 2 ) 2 . 

• For£> Cp, f(x,t) = 7 (| a; | 2 - Cl t){\x\ 2 + Cl t){\x\ 2 - c 2 t)(\x\ 2 + cat). 

• case 2 : G (-2, -1) 

• /(*, t) = 7(|x| 2 - Cl t)(|x| 2 + Cl t)(|x| 4 + c 3 t 2 ). 

• case 3 : G (00, —2) 

• /(M) <0. 

Proof. Firstly, we see that /(x,t) > for 3(8 + 2) - 2a 2 > 0. And /(x,t) > also holds if the 
dicriminant 

A = 4a 4 - 4(8 + 2) (2/8 + 5)a 2 + 9(8 + 2) 2 
is negative. This range is equal to 

Cp <a 2 < C+ 



where 



(2/3 + 5 ± ^(2/3 + 5) 2 - 9) 



But, 



08 + 2) 



(2/3 + 5 - v^8 + 5) 2 - 9) = ^^2(2/3 + 5 - ^(2/3 + 2)(2/3 + 8) (4.22) 



So, we compress two conditions as f(x,t) > for a 2 < Ct. 

□ 



OPTIMAL BOUNDS FOR OSCILLATING CONVOLUTION OPERATORS ON THE HEISENBERG GROUP 11 



For degenerate cases, we need to analyze the canonical relation (|3.1[) associated with our phase 
function 4> 

= {((x,t),$ (x ,t), -*(»,.))} C T*(R 2n+1 ) x T*(R 2 " +1 ) 

and the projection maps (|3.2[) 

tt l : C 9 T*(K 2n+1 ) and tt^ : Of -)• T*(R 2n+1 ). 
We will check the condition (1) and (2) of Definition 13.21 to prove the following theorem 
Theorem 4.3. On the hypersurface S, 

2 

(1) If f3 E (—2, —1) or (3 G (—1,0) U (0, oo) and w > Cp, the projection maps and ttr are 
both of folding type 1. 

2 

(2) If [3 £ (—1,0) U (0, oo) and p- = Cp, the projection maps ttl and ttr are both of folding 
type 2. 

Let 

S = {(x, t, y, s) : dct H(x, t, y, s) = 0}. 
We need the following lemma to show that rank of ttl and ttr drop by 1 simply. 

Lemma 4.4. Let Li(x,t,y,s) be the first (2n) x (2n)matrix of L(x,t,y,s) and suppose that 
(x,t,y,s) is contained in S. Then, 

det Li(x, t, y, s) ^ 

provided f3 ^ —4. 

Proof. For simplicity, let (z, w) := (x, t) ■ (y, s) . Except the nonzero common facts, we only need 
to check the determinant of 

M(z, w) = (\z\ 2 I + awJ + 2z-z t -(f3 + ^j^f^x • z*) 

is nonzero for (z, w) (0, 0). It can be calculated in the same way using (??) and (|4. 18[) so that 

det(M(z, w)) = (|z| 4 + a 2 w 2 ) n + (|z| 4 + a 2 ™ 2 )' 1 " 1 |z| 4 ^2 - [fi + 4)|-J^L^ ( 4 - 2 3) 

= ^l? 1 [-08 + !)N 8 + (« 2 + 3 )N V + 

| Z | "T" iv 

But, (z, w) is on 5* and satisfies 

2(/3 + l)|z| 8 + (3(/3 + 2) - 2a 2 )|z| 4 u; 2 + (/? + 2)a 2 w 4 = (4.24) 
From above two equalites, we have 

(3(/3 + 2) + 6)\z\ 4 w 2 + (fi + A)a 2 w A = 

So 

det(M(z,w)) = ^+ 4 °^"" 1 ^(^ + 4) [3|z| 4 + a 2 W 2 ] 

If w = 0, then z becomes zero in (|4.24[) . Because (z,w) ^ (0,0), w should be nonzero. Thus 
det(M(z,w)) ^ 0. 

□ 
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proof of Theorem \4-3\ We will only consider the case (1) in the theorem. The other case can be 
derived similrary. It is only remained to show that at the hypcrsurface S, we have the folding type 
conditions as in the theorem. Recall that 

S = {(x, t, y, s) G Rf 2 ^ 1 ) | F ((x, t) ■ (y, s)- 1 ) = F(x~y,s~t + 2ax t Jy) = 0, p ((x, t) ■ (y, S )~ 

= {(x, t, y, s) G R 2 ( 2 " +1 ) | f(x-y,s-t + 2ax t Jy) = 0, p ((x, t) ■ (y, s)" 1 ) ~ 1}. 

From Theorem 14.21 we have 

f(x,t) = i{\x\ 2 - Cl t){\x\ 2 + Cl t){\x\ 2 - c 2 t){\x\ 2 + cat). 

We need to show that at each point Pq G S, dct(Df) vanishes of 1 order in each null directions of 
dirL and diTR at Pq. Let Pq = (xq, to, yo, sq) and we may assume that Pq is contained in 



Si =: {(x,t,y, s) G M 2 ( 2n+1 ) | \x - y\ 2 - Cl (s - t + 2ax t Jy) = 0}. 
We may identifiy the manifold C$ = {((#, t), $( x ,t), (y, s ), ~^(y,s)) } with an open set in 



»(2n+l) 



(2n+i) ^ e diffeomorphsim 



(2n+l) 



(2n+l) 



S given by 



</)(x,t,y,s) = ((x,t),$( x ^, (y, s), -$( y , s )) 
Let the null direction vj, in ]R 2 ( 2ti+1 ) of ditj, at Pq. It means that 



a 2 * 





a 2 * 



0,t)9<>,t) 9(y, a )9(rr,t) 

2n 



Thus, w is of the form v = (0, 0, z, w) with w G 

a 2 $ 



s G K and (u>, s) satisfies 



w 







To verify dct H(x, i, y, s) vanishes of order 1 in the direction vl, it suffice to show that vl is not 
orthogonal to the gradient vector v g of det H(x, t, y, s) at Pq. From a direct calculation, we get 
the gradient vector v g as 

D (x.t), (y, «)$ (OM) • (V^y^lp = ( 2 ( x - V) - 2acp yl aJy, -Cp,i, -2(x - y) - 2acp. 1 x t J, c^i) 
Suppose that vj, and t> g are orthogonal. We are going to find a contradiction. It means that 



-2(x — y) ■ z — 2acp t iX t J ■ z + cp^w = 



From (14.31). we have 



and 



A(xY 



w 



d 2 

(— — $) 

dxidyj 



( 1 




\2ax n+ i 

Zl, 22, 



My) 



(did]®) - 2ad tP 



J 1 
0, 



A(xY 



w 





-2ax\ 



1 








(zi\ 

22 



22: 



(4.26) 



— 2acc rl 1/ 
22„, 2a(x„ + i2i H h .t 2 „2„ - xiz n+ i 



22n J 
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On the other hand, from the orthogonal assumption, we have 



It means that 



so 



Observe that 



{didj$)-2adtp 



(— 2(x — y) — 2cp^ax l j) + w ■ c^i = 

2(x -y) ■ z 



2a(x n+ izi -\ x n z 2n ) + w = 



A(x) 



w 



J 1 
0, 



08 + 4) 



zi, z 2 , 



\\x\ 2t lXl 



Z2m 



c /3,l 



2{x-y)-z 



|x| 4 Xix n |x| 2 Xi|\ 



4 2 

1 1 | X n 

\x\ 2^ji 



|x| 2 



(N 4 + t 2 ) 



j o 



i — /i 

Here, x — >■ x — y and i — » i — s + 2ax t Jy = c ^ ■ So, if we calculate with the bottom row, the 
following should hold 



08 + 4) 



k - y\ 



2 cp t i 
Rearranging it, we obtain 



■{x-y)-z + 



C/3,1 



-{x-y)-z 



2 c pA cp,i 



2cp, 



And Thus we have (x — y) ■ z = 0. So 

A(x)< • | 



0,1 



N - y| 4 (x - y) • z = 0. 



(^li z 2, ' - ' ; z 2n, 0^ 



and H\(x, t, y, s) ■ \ iz\, z%, ■ ■ ■ , Z2n)j = 0. But this is a contradiction because det Hi =/= 0. 

We can also have the same conclusion for dirn with the same argument. □ 

proof of Theorem \2.2\ and Theorem \2.3\ The theorems follow immediately when we use Theorem 
13.31 based on the folding types established in Theorem l4.3l □ 
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